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Context-dependent individual choice challenges the principle of utility
maximization. I explain context dependence as the optimal response
of an imperfectly informed agent to the ease of comparison of the op-
tions. I introduce a discrete choice model, the Bayesian probit, which al-
lows the analyst to identify stable preferences from context-dependent
choice data. My model accommodates observed behavioral phenom-
ena—including the attraction and compromise effects—that lie beyond
the scope of any random utility model. I use data from frog mating
choices to illustrate how the model can outperform the random utility
framework in goodness of fit and out-of-sample prediction.

I. Introduction

Consider the following type of choice reversal. Option B is chosen in
more than 50 percent of the choice trials in binary comparisons between
A and B,

P B, A, Bf gð Þ > :5,
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while option A is chosen in more than 50 percent of the choice trials in
ternary comparisons among A, B, and C,

P A, A, B, Cf gð Þ > :5:

Experimenters have been able to systematically generate such choice
reversals in the lab. Famous examples include decoy effects—such as
the attraction and the compromise effects—and phantom option effects
(Huber, Payne, and Puto 1982; Simonson 1989; Soltani, De Martino, and
Camerer 2012). These effects are considered puzzling because they chal-
lenge the principle of utility maximization by suggesting that individual
preferences are context dependent. Furthermore, they are incompatible
with random utility models, which are the models most commonly used
in discrete choice estimation.
This paper makes two contributions: first, I provide a new explanation

for context dependence in individual choice. In the model, the decision
maker is imperfectly informed about the value of the options. Context
dependence arises from the optimal response of the decision maker
to the ease of comparison of the options, under imperfect information.
Incorporating insights from psychology, I model ease of comparison as
depending on three factors: the true value of the options, the similarity
of the options, and the precision of the information obtained by the de-
cision maker before making a choice. The second main contribution is
to provide a new discrete choice estimation framework in which the an-
alyst can identify preferences, similarity, and information precision from
choice data. I include an empirical application to illustrate how the new
framework can outperform random utility models in goodness of fit and
out-of-sample prediction, thus presenting a useful alternative for infer-
ence from context-dependent choice data.
The following example shows how ease of comparison affects choice

when the decisionmaker faces uncertainty about the value of the options:
Example 1. A consumer is about to encounter three choice options

A, B, and C. The consumer has no information a priori that favors one
option over another; her prior beliefs about the utility of the options
are given by any exchangeable (i.e., invariant to permutations) and ab-
solutely continuous distribution. Before having a chance to contemplate
the three options, she assigns probability 1=6 to each possible strict rank-
ing involving A, B, and C, namely,

B ≻ A ≻ C , B ≻ C ≻ A,

A ≻ B ≻ C , C ≻ B ≻ A,

A ≻ C ≻ B, C ≻ A ≻ B:

Now suppose she obtains some information about the options (e.g., by
inspecting the three options) that (i) conveys very little or nothing about
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the individual values of A, B, and C and (ii) conveys with a high degree of
certainty that option A is better than option C. To make it extreme, sup-
pose she learns that the event ðA ≻ CÞ occurred and nothing else. Updating
the prior with this information will result in probability 1=3 given to each of

B ≻ A ≻ C ,

A ≻ B ≻ C ,

A ≻ C ≻ B,

and hence option A now has 2=3 probability of being the best option. If
she had learned ðC ≻ AÞ, then C would have been the favored option.
Starting from an exchangeable prior, any information that is very impre-
cise about the individual values ofA, B, and C but allows a precise compar-
ison between optionsA andC will make optionB unlikely to be chosen.1 □
Randomutilitymodels can incorporate the ease of comparing options in

binary choices, but they cannot account for the intuitive behavior involving
the three options presented in example 1. In the randomutility framework,
the utility of the options is given by random variablesUA,UB , UC : Q→R on
a probability space ðQ,PÞ, and the decision maker chooses the option with
thehighest randomutility realization in each choice trial. In simpler formu-
lations (such as logit) these variables are independent. More flexible for-
mulations (such as nested logit) allow UA, UB, and UC to be correlated. No
matter if the variables are correlated or independent, for every state of na-
ture q ∈ Q in which fUA > UB and UA > UCg we have, in particular, that
fUA > UBg. Therefore, the probability of these two events must satisfy

P UA > UB  and UA > UCf g ≤ P UA > UBf g,
and the probability of choosing A can only decrease when option C is in-
troduced. This property, called monotonicity, is satisfied by every random
utility model, no matter what distributional assumptions we make on
UA, UB, and UC. In particular, neither independent shocks nor correlated
shocks to utility are able to accommodate the choice reversals I have de-
scribed.
To explain how the newmodel departs from random utility, one can in-

terpret the classic randomutility framework as an “as-if”model of optimiz-
ing behavior subject to informational constraints. In this interpretation,
the randomvariablesUA,UB, andUC represent a noisy signal about the true
value of each option. The decisionmaker observes a signal realization for
each option in the choice problem and chooses the option with the high-
est signal realization. This as-if story in which the value of the options is

1 The optimality of choosing among the pair of options that is easy to compare in this
example is analogous to the optimality of switching doors in the solution to the Monty Hall
problem (Selvin 1975).
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perceived with noise is the interpretation originally proposed for random
utility models in psychology (Thurstone 1927a, 1927b).
Thenewmodel, theBayesian probit, is parameterized like the classicmul-

tinomial probitmodel: signals have a jointGaussian distribution. As in the
multinomial probit, the signals for different options may be correlated.
But this model departs from the random utility framework in two ways.
First, the decision maker has a prior. She sees the value of the options
in every choice problem as random draws from the same population. Sec-
ond, the decision maker does not choose the option with the highest sig-
nal realization. Instead, she chooses the option with the highest expected
value, conditional on the information conveyed by the signals. As a conse-
quence, in thismodel, the presence of optionC offers additional informa-
tion that can influence theprobabilities of choosingA versusB. Example 1
above is an extreme case in which alternativeB is never chosen. TheBayes-
ian probit model captures this extreme example when the signals for A
and C are perfectly correlated. But the model can also accommodate less
extreme cases often found in experimental data.
The experimental literature containsmany examples of choice reversals

among humans (see Sec. II). In recent years, biologists have also found ev-
idence of choice reversals among a diverse array of species. It turns out, for
example, that the same experimental designs that generate choice rever-
sals among human subjects work equally well for monkeys, frogs, birds,
bees, and even slime mold. Throughout the paper, I use a data set from
Lea and Ryan (2015) involving mate choices by female túngara frogs in
the lab for illustrative purposes. Lea and Ryan’s data set, which contains
two kinds of choice reversals, is simple, yet impressively thorough, insofar
as the authors tested all binary comparisons. It is therefore well suited to
the task of illustrating the strength of the model with a concrete example.
At the same time, the effectiveness of the model in explaining behavior
among these nonhumans suggests its broad reach and applicability to con-
texts that might be of interdisciplinary interest. Indeed, where Lea and
Ryan conclude that the frogs are acting irrationally, thereby defying some
basic tenets of natural selection, I show that the frogs may have rational
preferences after all.
The plan of the paper is as follows. Section II reviews the evidence of

context-dependent individual choice in many settings and presents the
data set that acts as my exemplary case. Section III provides a new expla-
nation for context dependence as an optimal response of decision mak-
ers to imperfect information about the values of the options and to their
ease of comparison. In Section IV, I define the primitives of the model
and I propose nonparametric definitions of easier to compare, revealed
preference, and revealed similarity. Section V introduces the parametric
model, the Bayesian probit, explains how the parameters of the model
are identified from choice data, and provides testable implications. Sec-
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tion VI contains the main theoretical results, showing how the Bayesian
probit accommodates many types of apparently irrational choice rever-
sals from themaximization of a single, stable utility function under infor-
mational constraints. In Section VII, I fit the model to the frog mating
choice data and perform pseudo out-of-sample prediction exercises.
These provide an illustration of how the model can outperform the ran-
dom utility framework in goodness of fit and prediction. Section VIII
concludes the paper by suggesting two possible extensions of the frame-
work.

II. Context-Dependent Choice Data

Experimental work in economics, marketing, and psychology has gener-
ated a vast literature documenting context dependence in individual de-
cisions. A clear example is the choice frequency reversal between two op-
tions A and B:

P B, A, Bf gð Þ > :5 and P A, A, B, Cf gð Þ > :5: (1)

Option B is chosen inmore than half of the choice trials involving binary
comparisons between A and B, while option A is chosen in more than
half of the choice trials in ternary comparisons among A, B, and C.
Some experimental designs have been shown to be particularly success-

ful at generating choice reversals. The most famous example is perhaps
the attraction effect. In the attraction effect, the choice reversal in (1) is in-
duced by introducing an asymmetrically dominated decoy option: let op-
tionsA,B, andC be differentiated in twoormore dimensions, let optionA
dominate the decoy C in all dimensions, but let option B be worse than C
in at least one dimension. The gray rectangle in figure 1 illustrates the lo-
cation of an asymmetrically dominated decoy in a two-dimensional set-
ting.
Another famous experimental design that produces the choice rever-

sal in (1) involves an extreme decoy option, such as option C in figure 1.
This choice reversal is called the compromise effect, because the choice of
the middle option Amay be justified as a “compromise” between the ex-
treme options B and C.
The decoy alternative has also been shown to induce choice reversals

when it is presented for comparison but is not available for choice. In
the experiment of Soltani et al. (2012), for instance, subjects compared
three options (lotteries overmoney) on a computer screen for 8 seconds.
Next, one of the three options was randomly erased from the choice set,
and subjects had 2 seconds to pick one of the remaining alternatives. This
phantom option design induced significant choice reversals, compared to a
separate treatment in which only two options were shown.
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These experimental designs have been shown to induce choice rever-
sals in a broad range of settings, such as in consumer choices, choice of
political candidates, medical decision making, investment problems,
job candidate evaluation, and the contingent evaluation of environmen-
tal goods.2 In addition, biologists have shown that the attraction and com-
promise effects extend to the animal kingdom. Various studies have iden-
tified mate or food choice reversals among monkeys, frogs, bees, birds,
and even a brainless amoeboid type of mold.3

Lea and Ryan (2015) provide an excellent example of choice reversals
among female túngara frogs, who choose mating partners on the basis of

FIG. 1.—Male frog calls A, B, and C are differentiated along two dimensions. The x-axis
represents a measure of “static attractiveness,” while the y-axis represents speed (see the
supplemental online appendix in Lea and Ryan [2015] for details). The gray rectangle rep-
resents the location of decoy options in experiments that employ asymmetric dominance.

2 The literature on decoy effects originated in marketing (Huber et al. 1982; Simonson
1989). Ok, Ortoleva, and Riella (2015) provide references to evidence in many other areas.
See also the discussion of the replicability of these effects in Frederick, Lee, and Baskin
(2014), Huber, Payne, and Puto (2014), Simonson (2014), and Yang and Lynn (2014).

3 Attraction and compromise effect have been found among rhesus macaques (Parrish,
Evans, and Beran 2015), túngara frogs (Lea and Ryan 2015), honeybees, gray jays (Shafir,
Waite, and Smith 2002), hummingbirds (Bateson, Healy, and Hurly 2002), and a unicellu-
lar slime mold (Latty and Beekman 2011).
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the sound of their call. They simulate three different male frog calls in the
lab. Following the conventions of the marketing literature, they labeled
the options target (A), competitor (B), and decoy (C ). Figure 1 shows that
the options are differentiated as in the classic compromise effect.4OptionC
is closer to A than to B along every dimension but is not strictly dominated.
The first three rows of table 1 show how often female frogs chose each

option when every pairwise combination was offered: A versus B, B versus
C, and A versus C. Binary comparisons are statistically significant and (sto-
chastically) transitive:B ≻ A,A ≻ C, andB ≻ C.Hence thebinarychoicedata
reveal a complete and transitive ranking of the three options: B ≻ A ≻ C.
First choice reversal.—The fourth row in table 1 shows that frogs were

more likely to choose A over B when all three options were offered. This
contradicts the ranking B ≻ A ≻ C obtained in binary choices.
Second choice reversal.—The last row of table 1 shows the frequencies of

choice for options A and B when frogs can hear the sound of the calls
by males A, B, and C when C is a phantom option. This means that, while
the three options were equidistant from the female frog in the experimen-
tal chamber, A and B were placed on the floor, while option C was placed
on the ceiling. Hence all three male calls could be heard equally well, but
only A and B were choosable. Comparing the first and last rows of table 1,
we find that the presence of the phantom option C significantly reversed
the propensity to choose A over B.
As Lea andRyan (2015, 965) point out, thedata are incompatible with the

maximization of utility in the random utility framework: “Female túngara

TABLE 1
Mate Choices by Female Túngara Frogs

Presented Options n A B C

A and B 118 .37 .63 . . .
B and C 90 . . . .69 .31
A and C 90 .84 . . . .16
A, B, and C 40 .55 .28 .17
A, B, and ₵ 79 .61 .39 . . .

Note.—Relative frequencies of choice by female túngara frogs in the
data set of Lea and Ryan (2015). The first three rows correspond to binary
choice data and support B ≻ A ≻ C as a rational benchmark. The fourth
row shows choice frequencies when all three options are available. The
fifth row shows frequencies for A and B when option C was located on
the ceiling, so that it was presented but unreachable. While B is more likely
tobe chosen thanA inbinary choice (first row), the oppositehappens in the
presence of C (last two rows).

4 The sounds of male calls in túngara frogs are complex, with dozens of different mea-
surable attributes. The experiment differentiated the options across two dimensions: the x-
axis is a measure of “static attractiveness,” while the y-axis measures the rate of calls per sec-
ond. Both dimensions are desirable: previous studies have shown that increases in each of
these dimensions lead to females choosing the option more often (see the supplemental
online appendix in Lea and Ryan [2015] for details).
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frogs reversed their preferences in the presence of an irrelevant alterna-
tive in two separate experiments and thus violate a key assumption ofmate
choice models derived from decision theory.”

III. Preference, Similarity, and Ease of Comparison

Ease of comparison is crucial to understanding choice reversals once we
relax the perfect information assumption of the standard rational choice
model. Subjects choose under imperfect information in many settings in
which choice reversals are found. In lab experiments with human sub-
jects, the time available to contemplate the options is often manipulated
or restricted (see, e.g., Caplin, Dean, andMartin 2011; Soltani et al. 2012).
In nature, multiple factors contribute to uncertainty and may lead to er-
rors in mating choices among animals. Mating choices are made in com-
plex, dynamic environments, individuals exhibit complex traits, time
spent contemplating available mate options can increase the risk of expo-
sure to predators, organisms have limited cognitive resources, and so on.
These factors lead to limited sampling : organisms obtain imperfect evi-
dence about the value of each option before making a choice.
A decisionmaker that chooses under limited sampling is prone tomak-

ing choice mistakes. The experimental literature in psychology suggests
two important regularities relating the rate of choicemistakes to the value
of the options and to the similarity of the options. Cognitive choice tasks
in experimental psychology ask participants to choose the largest geomet-
rical figure, the heaviest object, the loudest sound, the darkest shade of
gray, and so on among a finite set of available options. A basic finding
in these experiments is that decision makers do a better job discriminat-
ing among a pair of options i and j when the difference in value is greater.
A second, more subtle finding from experimental psychology is that, for

any given fixed difference in the value of options i and j, the ability to dis-
criminate among the options improves when the options are more similar.
This regularity has been known in the psychology literature at least since the
experimental work of Tversky and Russo (1969, 4): “The similarity between
stimuli has long been considered a determinant of the degree of compara-
bility between them. In fact, it has been hypothesized that for a fixed differ-
ence between the psychological scale values, the more similar the stimuli,
the easier the comparison or the discrimination between them.”
Figures 2 and 3 illustrate this regularity with two visual task examples.

First, consider the visual task of choosing the triangle with the larger area
in figures 2A and 2B. Tversky and Russo (1969) show that in such cases
decisionmakers find it easier to choose, andmake fewermistakes, among
themore similar shapes. The triangle on the right is identical in figures 2A
and 2B. The triangle on the left in figure 2A is very different from the tri-
angle on the left in figure 2B, but both have exactly the same area. Hence,
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the difference in area between left and right in figure 2A is equal to the
difference in area between left and right in figure 2B. The triangles in fig-
ure 2B are easier to compare because they are more similar.
A different visual task asks subjects which star has more points in fig-

ures 3A and 3B.5 The star on the left is the same in both figures. The star
on the right has the same number of points in both figures. Again, sub-
jects usually find it easier to choose and make fewer mistakes in figure 3B,
where the pair of stars is more similar. The similarity in figure 3B allows
a clear relative comparison of the number of points, even without a thor-
ough investigation of the individual values. This can be paraphrased as “I
couldn’t quite tell the number of points on each star, but I am pretty cer-
tain that the star on the right has more points.”
These two insights about values and similarity shed light onhow the typ-

ical experimental designs for the attraction and compromise effects ma-
nipulate the ease of comparison of the options. For example, consider

FIG. 2.—Which triangle has the larger area?

5 I am grateful to David K. Levine for suggesting this example.
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the threemale frog calls used in Lea and Ryan (2015). Figure 1 shows that
the decoy C is closer to the target A than to the competitor B in both di-
mensions. If optionsA andBhave comparable values, Tversky andRusso’s
hypothesis, quoted above, says that the decoy C should be easier to com-
pare to A than to B. The revealed preference and revealed similarity anal-
ysis that I introduce in the next section formalizes this intuition and shows
that in the data the decoy optionC is revealedmore similar to A than to B.
Example 1 in the introduction shows that with imperfect information

and an exchangeable prior, option Bmay be chosen less often in the pres-
ence of C. If the quality of mating opportunities in nature is close to the
quality of randomdraws from the population, then the choice reversals in
the data can be seen as an optimal response to the ease of comparison of
the options.

FIG. 3.—Which star has more points?
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IV. Revealed Preference and Revealed Similarity

In this section, I introduce nonparametric definitions of easier to compare, re-
vealed preference, and revealed similarity and illustrate these nonparametric
definitions using the choice frequency data from table 1. To do this, I first
define a stochastic choice function P on a domain of choice problems that
may include phantom options. The function P is our main modeling prim-
itive: it describes observable choice behavior from the point of view of the
analyst.
Let A ≠ ∅ be the universal set of choice options. For example, in the

frogmating choice experiment,A is the entire population ofmale túngara
frogs. A choice problem is a pair (N,M) of disjoint, finite subsets ofA, where
N 5 fi1, i2, ::: , ing is a nonempty set containing n ≥ 1 choice options and
M 5 f j1, j2, ::: , jmg is a (possibly empty) set containing m ≥ 0 phantom
options. The interpretationof a choiceproblem(N,M) is that every option
inN [ M is presented to the decisionmaker for comparison, but only one
of the nonphantom options in N must be chosen.
Let P(i,N,M) denote the probability of choosing option i in the choice

problem (N, M). The real function P is nonnegative and satisfies

o
i∈N
Pði,N ,M Þ 5 1

in every choice problem (N, M). To simplify notation, I write

Pðik , fi1, ::: , in, =j1, ::: , =jmgÞ ≔ P ik , i1, ::: , inf g, j1, ::: , jmf gð Þ,
P ik , i1, ::: , inf gð Þ ≔ P ik , i1, ::: , inf g,∅ð Þ:

For example, PðA, fA, B, =CgÞ denotes the probability that option A is
chosen in the frogmating choice experiment in which the voices ofmales
A, B, and C can be heard equally well in the experimental chamber, but
option C is placed on the ceiling and cannot be reached.
Definition. A pair of options {i, j } is easier to compare than {k, ℓ } if

P i, i, jf gð Þ 2 :5j j > P k, k, ‘f gð Þ 2 :5j j:
A pair is easier to compare whenever the choice frequencies in the bi-

nary comparison are more extreme (i.e., closer to zero or one). The first
three rows in table 1 show that {A, C } is easier to compare than {B, C } and
{B, C } is easier to compare than {A, B }.
Definition. An option i is revealed preferred to j if Pði, fi, jgÞ > :5.
Write i ≻ j when i is revealed preferred to j, andwrite i ≽ j if j =≻i.Take, for

example, binary choice frequencies on the first three rows of table 1. The
binary choice frequencies reveal the complete and transitive ranking
B ≻ A ≻ C.
Definition. {i, j } is revealed more similar than {k, ℓ } if
i. {i, j } is easier to compare than {k, ℓ } and
ii. k ≽ i ≻ j ≽ ‘, with ≽ transitive.

random choice and learning 429



When i 5 k above, we say i is revealed more similar to j than to ℓ.
According to the choice frequency data presented in thefirst three rows

of table 1, we have (i) the pair {A, C } is easier to compare than any other
pair, and, in particular, {A, C } is easier to compare than {B, C }; and (ii) the
revealed preference relation isB ≻ A ≻ C.Hence, the pair {A, C } is revealed
more similar than the pair {B, C }. In other words, C is revealed more sim-
ilar to A than to B.
In the next section I introduce the parametricmodel, the Bayesian probit.

In this model, the revealed preference relation defined above is cap-
tured by a utility function, and the revealed similarity relation is captured
by the correlationof perceptual errors. Theparametricmodel can accom-
modate extreme cases of context-dependent choice behavior illustrated in
example 1 of the introduction (proposition 6) but also allows us to fit and
predict less extreme cases often found in experimental data (Sec. VII).

V. Parametric Model: The Bayesian Probit

The Bayesian probit is a stochastic choice function Pm,j,p parameterized by a
utility function m, a correlation function j, and a precision parameter
p > 0. The true preferences of the decision maker over the universal set
of choice options A are given by a utility function m :A→R, and mi de-
notes the utility of option i. The decision maker chooses under incom-
plete information about m. From the point of view of the decision maker,
every choice problem is a collection of options with values mi indepen-
dently drawn from the same Gaussian distribution. With reference to
the frog mating choice example, this amounts to assuming that female
frogs see everymating choice problem, a priori, as a collectionof indepen-
dent draws from a population of male frogs whose utility (or “Darwinian
fitness”) is normally distributedwith somemeanm and variance 1=s. Prop-
osition 1, below, shows that assuming m 5 0 and s 5 1 entails no loss of
generality.
When presented with a choice problem (N,M), the decision maker ob-

serves a noisy signal about utility X i 5 mi 1 εi for each option i ∈ N [ M .
The random vector of signals (Xi) represents how much the decision
maker is able to learn about the value of the options in the choice prob-
lem before making a choice. The decision maker updates the prior ac-
cording to Bayes’s rule and chooses the option i ∈ N with the highest
posterior mean belief E½mi jðXiÞi∈N[M � among the nonphantom options.
For every finite set of options {1, 2, ... , n}, the signals (X1, ... , Xn) have a

joint Gaussian distribution. Each signal Xi 5 mi 1 εi corresponding to an
option i is equal to true utility mi plus a Gaussian perception error εi with
E½εi� 5 0. All perception errors have the same variance 1=p given by a sin-
gle precision parameter p > 0. I allow perception errors to be correlated
and let jij ≔ Corrðεi, εjÞ for all i, j. The correlation parameters satisfy
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jij 5 jji and jii 5 1 for every i, j. In addition, the determinant of the cor-
relation matrix ðjijÞi,j51, : :: ,n is strictly positive for every finite subset of op-
tions {1, ... , n}, which implies that the joint Gaussian distribution of signals
is nondegenerate in every choice problem.
In summary, in the Bayesian probit Pm,j,p with utility m, correlation

j, and precision p, the probability of choosing each i ∈ N in choice prob-
lem (N, M) is given by

Pm,j,pði,N ,M Þ ≔ P E mi 2 mj j Xkð Þk∈N[M
� �

≥ 0 for all j ∈ N
� �

: (2)

A. Identification of Parameters

Next, I describe the identification properties of the Bayesian probit
model. Proposition 1 shows that the prior may be assumed to be standard
Gaussian without loss of generality. Proposition 2 identifies ordinal infor-
mation about m and j from binary choice data. Finally, I explain how data
from choice problems involving three options suffice to locally identify all
the parameters.
Proposition 1. The Bayesian probit with prior Nðm̂, 1=ŝÞ, utility pa-

rameters m̂i ∈ R, precision p̂ > 0, and correlation parameters 21 <
ĵij < 1 is observationally equivalent to the Bayesian probit with prior
Nð0, 1Þ, utilitymi 5

ffiffî
s

p ðm̂i 2 m̂Þ, precision p 5 p̂=ŝ, and correlation jij 5ĵij .
Normalizing the prior to be standard Gaussian, proposition 1 shows

that utility and precision parameters have a cardinal interpretation. The
utility parameters mi 5

ffiffî
s

p ðm̂i 2 m̂Þ are measured in standard deviations
from the populationmean. For example, an estimate of mi 5 20:5means
that the Darwinian fitness of male frog i is half a standard deviation below
the population mean. The precision parameter p 5 p̂=ŝ measures the
precision of the information obtained by the decision maker in units of
precision in the population distribution. This is different from the ran-
dom utility framework, where utility parameters have only ordinal (but
not cardinal) meaning.
Proposition 2. Let the stochastic choice function P 5 Pm,j,p be a

Bayesian probit with utility m, correlation j, and precision p > 0. Then
i. option i is revealed preferred to j if and only if mi > mj ;
ii. the pair {i, j } is revealed more similar than {k, ℓ } only if jij > jk‘.
Proposition 2 uses binary choice data to identify ordinal information

about m and j. Part i shows that revealed preference is represented by
the utility function mi. Hence, the weak revealed preference relation ≽ ob-
tained from the Bayesian probit is complete, transitive, and independent
of correlation and precision parameters. Part ii shows that the revealed
similarity relation is captured by the correlation parameters jij. Since
the revealed similarity relation may not be complete, we need more than
binary choice data to identify the full similarity ranking.
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In the online appendix, I formally show that the mapping

m1

m2

m3

j12

j13

j23

p

2
666666666666664

3
777777777777775

↦

Pm,j,pð1, f1, 2g,∅Þ
Pm,j,pð1, f1, 3g,∅Þ
Pm,j,pð2, f2, 3g,∅Þ
Pm,j,pð1, f1, 2g, f3gÞ
Pm,j,pð1, f1, 3g, f2gÞ
Pm,j,pð2, f2, 3g, f1gÞ
Pm,j,pð1, f1, 2, 3g,∅Þ
Pm,j,pð2, f1, 2, 3g,∅Þ

2
666666666666666664

3
777777777777777775

is locally invertible at almost all points in the parameter space. Hence,
data from every choice problem involving three options are sufficient
to locally identify all the parameters. The identification is generic: it holds
for parameter values that lie outside a set of Lebesgue measure zero in
the parameter space.
In applications, data are often limited. In such cases, the econometri-

cian achieves identification by formulating and testing additional restric-
tions on the space of parameters. In experimental work involving choice
over lotteries, for instance, analysts often employ the assumption that
subjects have expected utility preferences with constant absolute risk
aversion. Under this assumption, a single risk aversion parameter deter-
mines the utility of every option. This greatly reduces the dimensionality
of the parameter space and obviates the need to estimate separate utility
values mi for every option i. In Section VII, I illustrate how point identi-
fication is achieved through parameter restrictions using the experimen-
tal frog mating choice data.

B. Testable Implications

The Bayesian probit model carries a set of restrictions for stochastic
choice behavior.6 These nonparametric conditions are directly testable
on choice data.

6 The Bayesian probit lies outside the scope of recent axiomatic work on stochastic
choice. Gul, Natenzon, and Pesendorfer (2014), Manzini and Mariotti (2014), and Lu
(2016) characterize behavior nested in the random utility framework. The main condition
satisfied by Fudenberg, Iijima, and Strzalecki (2015) is ordinal independence from irrele-
vant alternatives, an analogue of the IIA property of the logit model. In particular, none of
these models can accommodate the kinds of context-dependent behavior that I use the
Bayesian probit to address in the next section.

432 journal of political economy



Definition. A stochastic choice function P satisfies moderate transitiv-
ity if

P i, i, jf gð Þ ≥ :5

P j , j , kf gð Þ ≥ :5

�
⇒ Pði, fi, kgÞ ≥ minfPði, fi, jgÞ, Pð j , f j , kgÞg: (MT)

Suppose option i is chosen more often than j and option j is chosen
more often than k in binary comparisons. Moderate transitivity requires
that i is chosenmore often than k in a binary comparison, and,moreover,
the decision maker cannot do a worse job discriminating the options in
{i, k} than in both {i, j } and {j, k}.
Definition. The functionP satisfies theBlock-Marschak inequalities with

phantom options if for every finite set of options N 0 and every i ∈ N ⊆N 0,

o
M :N ⊆M ⊆N 0

21ð Þ MnNj jPði,M ,N 0nM Þ ≥ 0: (BM-P)

Definition. The function P satisfies moderate transitivity with phantom
options if, for any three distinct options i, j, k and any finite set of optionsM
distinct from i, j, k,

P i, i, jf g, kf g [ Mð Þ ≥ :5 and P j , j , kf g, if g [ Mð Þ ≥ :5½ �
implies

P i, i, kf g, jf g [ Mð Þ ≥ min P i, i, jf g, kf g [ Mð Þ, P j , j , kf g, if g [ Mð Þf g:
(MT-P)

Proposition 3. The function P is a Bayesian probit only if it satisfies
MT, MT-P, and BM-P.
The proof of proposition 3, in the appendix, shows that conditions MT

and MT-P are consequences of the assumption that the prior and the sig-
nals have a Gaussian distribution, while condition BM-Pmust also hold in
a generalizedmodel that assumes any other prior and signal distributions.
Conditions MT, MT-P, and BM-P are directly testable on choice data.

The frog mating choice experiment includes all pairwise comparisons
among options A, B, and C and provides a test of moderate transitivity
(MT). Table 1 shows that the data support this prediction:

P B, B, Cf gð Þ 5 :69 > :63 5 min P B, A, Bf gð Þ, P A, A, Cf gð Þf g:
Condition BM-P implies a monotonicity property with respect to phan-

tom options: when a choice option becomes a phantom option, the choice
probability of the remaining choiceoptions cannot decrease. The frogmat-
ing choice experiment allows us to test two of these inequalities:

P A, A, B, Cf gð Þ ≤ P A, A, B, =Cf gð Þ,
P B, A, B, Cf gð Þ ≤ P B, A, B, =Cf gð Þ:
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Both predictions are supported by the data: Table 1 shows that the prob-
ability of choosing A increases from .55 to .61 and the probability of
choosing B increases from .28 to .39 when the choice option C becomes
the phantom option =C .
While condition MT-P cannot be directly tested on the frog mating

choice data, it offers three out-of-sample predictions involving choice
problems fA, =B, Cg and f =A, B, Cg (using the value PðA, fA, B, =CgÞ 5:61
from table 1):

i. minfPðA, fA, =B, CgÞ, PðC , f =A, B, CgÞg ≤ :61;
ii. if P ðB, f =A, B, CgÞ ≥ :5, then PðA, fA, =B, CgÞ ≥ minf:61, PðB,

f =A, B, CgÞg;
iii. if PðC , fA, =B, CgÞ ≥ :5, then PðC , f =A, B, CgÞ ≥ minf:61, PðC ,

fA, =B, CgÞg.

C. Departure from Random Utility Models

Recall that in the random utility framework, each choice option i is as-
sociated with a random variableXi. An option is chosen when it maximizes
random utility:

PRUði, f1, ::: , ngÞ ≔ PfXi ≥ Xj  for all j 5 1, ::: , ng: (3)

Randomutilitymodels differ only on the assumptionsmade about the dis-
tribution of the Xi’s. For example, the logit model assumes independent
Gumbel distributed variables, the nested logit model assumes correlated
Gumbel distributed variables, the multinomial probit assumes Gaussian
variables, and so on.
Among the random utility models, the multinomial probit offers the

most relevant comparison to the Bayesian probit model. In the multino-
mial probit, the Xi’s are assumed Gaussian with an arbitrary covariance
matrix. Hence, the distribution of signals in the Bayesian probit is a par-
ticular case of the distribution of random utilities in the multinomial
probit. This comparison highlights the Bayesian updating step as the
key departure of the model from random utility maximization.
Example 2 (Naive probit). Suppose that a decision maker observes

signals X1, ... , Xn with a joint Gaussian distribution parameterized by m,
j, p as in the Bayesian probit but chooses according to (3) instead of
(2). This decision maker ignores the prior and skips the Bayesian updat-
ing step. Instead of solving a sophisticated noise filtering problem, this de-
cision maker simply chooses the object that “looks best.”7 Call the result-

7 This interpretation of naive behavior comes from the study by Weibull, Mattson, and
Voorneveld (2007), who study the optimality of naive choice rules in a setting in which per-
ceptual errors are uncorrelated.
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ing choice function the naive probit with parameters m, j, and p and de-
note it by €P m,j,p. Since it maximizes Gaussian random utility, by definition,
the naive probit is a special case of the classic multinomial probit model,
assuming the variance is equal for all options. □
Thenaive probitmodel shows that one way to describe the departure of

the Bayesian probit model from the random utility framework is the sub-
stitution of the “sophisticated” choice rule (2) for the “naive” choice rule
(3). Likewise, by changing the distributional assumptions onXi, every ran-
dom utility model can be interpreted as the choice function of a naive de-
cision maker who observes random signals Xi, ignores the prior, skips the
Bayesian updating step, and simply chooses the option with the highest
signal realization.
Under certain conditions, the Bayesian probit and the naive probit co-

incide:
Lemma 1. If Pm,j,p is a Bayesian probit and €P m,j,p is a naive probit, then
i. Pm,j,pði, fi, jgÞ 5 €P m,j,pði, fi, jgÞ for all i, j, m, j, and p;
ii. Pm,j,p 5 €P m,j,p if j is constant;
iii. limp→∞½Pm,j,pði,N ,M Þ 2 €P m,j,pði,N ,M Þ� 5 0 for all i,N,M, m, and j.
In parts i and ii, the complete symmetry of perceptual errors makes the

signals equally informative about every option: an option has the highest
posterior mean belief if and only if it has the highest signal realization.
This hinges on the assumption that every signal has the same precision.8

Part iii shows that the Bayesian and the naive probit exhibit the same as-
ymptotic choice behavior with arbitrarily high information precision. It is
easy to see that with arbitrarily precise signals the decisionmaker chooses
the best alternative with probability 1 in both models. But part iii says
more: in the knife-edge case in which more than one choice option ties
for maximum utility, both models break the tie in exactly the same way.
Part i implies the binary choice formula

Pm,j,pði, fi, jgÞ 5 F

ffiffiffi
p

pffiffiffi
2

p � ðmi 2 mjÞ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 jij

p
 !

, (4)

where F denotes the cumulative distribution function of the standard
Gaussian distribution. Equation (4) shows that the ability of the decision
maker to compare and correctly discriminate among the pair of options i,
j improves with increases in the precision of the signals p, in the difference
in value jmi 2 mj j, and in the signal correlation jij. Increasing the precision
parameter p improves discrimination in every binary choice problem. The

8 If the signal for option i were less precise than the signal for option j, the Bayesian de-
cision maker would give the signal about j more weight, breaking the equivalence. For the
same reason, the equivalence breaks down if the decision maker must separately learn the
precision of each signal (see the learning model in Harbaugh, Maxwell, and Shue [2016]
for an example).

random choice and learning 435



correlation parameter jij affects the ability to discriminate between a spe-
cific pair of options i, j and can vary independently from their value.
The Bayesian updating step introduces context dependence in the

model: the distribution of posterior beliefs about the value of a given op-
tion i can be affected by the presence of new options through signal cor-
relation. For example,

E mA XA, XBj � ≠ E mA½ jXA, XB , XC½ �
whenever XC is correlated with XA.9 Hence, the presence of a signal about
C offers additional information that can influence the probability of
choosing A over B in themodel.10 As I show in the next section, this allows
the Bayesian probit to accommodate context-dependent choice behavior
that lies outside the scope of the random utility framework.

VI. Accommodating Choice Reversals

In the introduction, example 1 shows that ease of comparison can be an
important determinant of choice behavior under imperfect information.
In the Bayesian probit model, ease of comparison is determined by the
correlation of perceptual errors when information precision is low. For
any two options A and C, the difference in signals XA 2 XC is given by

XA 2 XC 5 mA 2 mCð Þ 1 εA 2 εCð Þ,
where mA 2 mC is the difference in value between A and C and εA 2 εC is
the difference in perceptual errors. For any fixed signal precision p,

Var εA 2 εC½ � 5 2 1 2 jACð Þ=p
is strictly decreasing on the correlation jAC. In the limit, as correlation jAC
goes to one, Var½εA 2 εC � goes to zero. Highly correlated perceptual errors
tend to “cancel out,” revealing the true difference mA 2 mC with high preci-
sion. If precision p is low and correlation jAC is high, the signals XA and
XC reveal very little about the individual values mA and mC but a great deal
about the difference in values mA 2 mC . This can be paraphrased as “I have
no idea how goodA andC are, but I ampretty sure thatA is better thanC.”

9 Other forms of contextual inference by the decision maker may lead to the same in-
equality. For example, Kamenica (2008) shows that it is optimal for a consumer to exhibit
context-dependent choice behavior if an agent who has private information about the val-
ues of the options (e.g., a monopolist firm) has designed the menu of options available in
the choice problem.

10 Many existing explanations of context-dependent choice—see, e.g., Tversky and
Simonson (1993), de Clippel and Eliaz (2012), and Bordalo, Gennaioli, and Shleifer
(2013)—describe a psychological mechanism through which the objectives of the decision
maker are influenced by the set of available choices. The context dependence of posterior
beliefs in this model incorporates some of these psychological insights, while at the same
time reconciling the choice behavior with the existence of a single, stable utility function.
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The rest of this section shows how the interaction between information
precision and similarity allows the model to explain several puzzling con-
text effects in choice.

A. Interaction of Similarity and Information Precision

When information precision p is large, choicemistakes are unlikely. In that
case, similarity has a negligible effect on choice probabilities, unless true
utility values are very close (see, e.g., eq. [4]). Proposition 4 shows the effect
of the similarity parameter on choice probabilities when it is most relevant,
that is, when it acts as a tiebreaker among three equally desirable options.
Proposition 4 (High precision). If m1 5 m2 5 m3 and j23 > j13, then,

for all p > 0 sufficiently large,

Pm,j,pð1, f1, 2, 3gÞ
Pm,j,pð2, f1, 2, 3gÞ >

Pm,j,pð1, f1, 2gÞ
Pm,j,pð2, f1, 2gÞ :

In this case, introducing the new option 3 hurts the probability of
choosing the similar option 2 proportionally more than 1. Hence, when
the decision maker has sufficiently precise information, the similarity pa-
rameter breaks ties in the direction predicted by Tversky’s (1972, 283)
well-known similarity hypothesis: “The addition of an alternative to an of-
fered set ‘hurts’ alternatives that are similar to the added alternativemore
than those that are dissimilar to it.” This so called similarity effect can be
accommodated by random utility models by making the random value
of options correlated (Train 2009). Unlike the random utility framework,
however, the Bayesian probit allows the inequality of proposition 4 to be
reversed when the decision maker is relatively uninformed:
Proposition 5 (Low precision). If j12 > 21=2 and j23 > j13, then, for

all p > 0 sufficiently small,

Pm,j,pð1, f1, 2, 3gÞ
Pm,j,pð2, f1, 2, 3gÞ <

Pm,j,pð1, f1, 2gÞ
Pm,j,pð2, f1, 2gÞ :

This is a violation of Tversky’s similarity hypothesis. It requires two initial
options 1 and 2 that are not too dissimilar (j12 > 21=2) and an added op-
tion 3 that is more similar to option 2 than to option 1 (j23 > j13). For low
values of informationprecision p, the introductionof option3hurts thedis-
similar option 1 proportionally more than the similar option 2. The state-
ment of proposition 5 holds independently of the true value of the options.

B. Decoy Effects

Proposition 6 (Decoy effect). Fix any two options 1 and 2 with sim-
ilarity parameter j12 and let ε > 0. If an added option 3 is such that
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j23 > j12, j23 > j13, j23 is sufficiently close to its upper bound, and informa-
tion precision p > 0 is sufficiently small, then Pm,j,pð1, f1, 2, 3gÞ < ε.
In consumer choice experiments in marketing, options 1, 2, and 3 are

called, respectively, the competitor, the target, and the decoy. The inequalities
j23 > j12 and j23 > j13 can be paraphrased, respectively, as “the target is
more similar to the decoy than to the competitor” and “the decoy is more
similar to the target than to the competitor.” Proposition 6 shows that, if
the similarity between the decoy and target is sufficiently high and infor-
mation precision is sufficiently low, the competitor is chosen with proba-
bility close to zero when the decoy is introduced.
Proposition 7 (Violationofmonotonicity). Suppose Pm,j,pð1, f1, 2gÞ 5

0:5 and fix any ε > 0. If option 3 is revealedmore similar to 2 than to 1 and
is sufficiently inferior, then Pm,j,pð2, f1, 2, 3gÞ > 0:5 for all precision values
p > ε.
Here, option 1 (the competitor) and option 2 (the target) have the

same utility, while the decoy option 3 is inferior. Adding the decoy op-
tion 3 increases the probability of choosing the target option 2 above
.5. This is a violation of monotonicity, which cannot be accommodated
by any random utility model. In particular, proposition 7 shows that it is
possible to obtain a violation of monotonicity for any fixed information
precision value p > 0.
Proposition 8 (Avoidance of extremes). If j12 5 j23 > j13, then op-

tion 2 is the option chosen most often from {1, 2, 3} for all sufficiently
small p > 0.
If we interpret the similarity parameter jij as a measure of “closeness” be-

tween options i and j, then j12 5 j23 > j13 means that option 2 is equally
“close” to each of options 1 and 3, while options 1 and 3 are less “close” to
eachother. Proposition8 says that a sufficiently uninformeddecisionmaker
will choose each of the “extreme” options 1 and 3 less often than option 2.

C. Attraction and Compromise Effects

The attraction and compromise effects are perhaps the two most well-
known decoy effects in the literature (Huber et al. 1982; Simonson
1989). Both effects take place in a setting in which choice options are dif-
ferentiated along two or more measurable attributes. To show how the
Bayesian probit accommodates these classic decoy effects, I link the ab-
stract utility and similarity parameters to the attribute space. For simplic-
ity, I provide an example in which options are differentiated along two di-
mensions (fig. 4). The extension to attribute spaces with more than two
dimensions is straightforward.
I begin with utility. Assume that utility is strictly increasing and strictly

concave on the two-dimensional attribute space R2
1 depicted in figure 4.

Options 1 and 2 are located on the same indifference curve, with utility
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values m1 5 m2 5 1. The remaining options lie on a lower indifference
curve with utility m3 5 m4 5 m5 5 m6 5 21.
Next, I link the abstract similarity parameters to the two-dimensional

attribute space. Following the discrete choice estimation literature, I as-
sume that the similarity parameter jij is strictly increasing on the “close-
ness” of options i and j in the space of measurable attributes (Domencich
and McFadden 1975; Hausman and Wise 1978). The exact meaning of
“close” depends on the notion used by the econometrician. For example,
Hausman and Wise measure “closeness” using cosine similarity: the cosine
of the angle formed by options i and j in the space of measurable attri-
butes. In figure 4, the angle formed by options 4 and 5 is denoted by v.
The pairs of options {1, 4} and {2, 5} are the most similar, forming angles
with cosines close to one, while the pair {3, 6} is the least similar, forming
an angle with the cosine close to zero. For the sake of illustration, I fix sim-
ilarity values j14 5 j25 5 0:95, j12 5 j15 5 j24 5 0:7, and j16 5 j23 5 0:2.
Using these numerical values for utility and similarity, the choice op-

tions depicted in figure 4 illustrate how the Bayesian probit generates
the attraction and compromise effects.
Attraction effect.—Recall that the attraction effect describes a violation of

monotonicity that results from the addition of an asymmetrically dominated
decoy option. An option is asymmetrically dominated when it is strictly

FIG. 4.—Cosine similarity (Hausman and Wise 1978) measures the “closeness” between
two options j and k by the cosine of the angle formed by j and k in the space of observable
attributes. Pairs of options that form wider angles have less correlated perceptual errors.
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dominatedby an existing option andundominatedby another.Huber et al.
(1982) discovered that introducing an asymmetrically dominated decoy
option can increase the probability that the dominant option is chosen.
Suppose the initial options are 1 and 2 depicted in figure 4. The decoy

option 4 is dominated by option 1 but not by 2. Conversely, the decoy op-
tion 5 is dominated by option 2 but not by 1. The Bayesian probit accom-
modates the attraction effect in both directions. Proposition 5 shows that
in either case introducing the decoy hurts the competitor proportionally
more than the target for low values of information precision. Proposition 6
shows conditions under which the competitor is chosen with probability
close to 0, again for sufficiently low information precision. Proposition 7
shows that monotonicity can be violated for any fixed precision value
p > 0 if the decoy option has a sufficiently low utility. Figure 5 illustrates
the attraction effect with our numerical example. The figure plots the
choice probabilities for target, competitor, and decoy as a function of
information precision. The figure shows that the violation of monoto-
nicity Pm,j,pð1, f1, 2, 4gÞ > Pm,j,pð1, f1, 2gÞ (respectively, Pm,j,pð2, f1, 2, 5gÞ >
Pm,j,pð2, f1, 2gÞ) holds for a wide range of precision values.
Compromise effect.—Simonson (1989) shows the first evidence for the

tendency of a decision maker to avoid extreme options. For example,
the introduction of the extreme option 6 in figure 4 favors a choice of op-
tion 2 over option 1, while the introduction of option 3 favors the choice
of option 1 over option 2. As noted earlier, the term compromise effect

FIG. 5.—The attraction effect. Choice probabilities for target (solid line), competitor
(dotted line), and decoy (dashed line) plotted as a function of information precision in
logarithmic scale. The star marks the point where the choice probability for the target in-
creases above 1/2, violating monotonicity. Utility parameters are 1.0 for the target and
competitor and 21.0 for the decoy. Similarity parameters are 0.7 between the target and
competitor, 0.7 between the competitor and decoy, and 0.95 between the target and decoy.
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suggests that the middle option is favored because it may be seen as a com-
promise between the two extreme options. Proposition 8 predicts these ef-
fects for small information precision values, and proposition 7 shows that
theymay lead to violations of monotonicity for any fixed information preci-
sion value p > 0 if the extremedecoyoptionshave sufficiently lowutility. Fig-
ure 6 illustrates the compromise effect with the numerical example. Two vi-
olations of monotonicity Pm,j,pð1, f1, 2, 3gÞ >Pm,j,pð1, f1, 2gÞ and Pm,j,pð2,
f1, 2, 6gÞ > Pm,j,pð2, f1, 2gÞ hold for a wide range of precision values.
The attraction and compromise effects illustrated above are robust to

small changes to the parameter values. In particular, options 1 and 2 do
not need to be indifferent in order to obtain the violations of monotonic-
ity illustrated above. If utility and similarity are assumed to change contin-
uously as a function of the location of the options in the space of attri-
butes, then these effects are also robust to small perturbations to the
locations of the options.
Some deterministic models of context-dependent choice can also rec-

oncile the attraction effect with the assumption that preferences are rep-
resented by a stable utility function. For example, the decisionmakermay
maximize utility over a subset of options from the original choice prob-
lem, called a consideration set. If the consideration set excludes the compet-
itor option when the decoy is introduced, a choice reversal may occur. In
the imperfect attention model of Masatlioglu, Nakajima, and Ozbay
(2012), the consideration set is determined by an attention filter. In the

FIG. 6.—The compromise effect. Choice probabilities for target (dotted line), compet-
itor (solid line), and decoy (dashed line) plotted as a function of information precision in
logarithmic scale. The star marks the point where the choice probability for the target in-
creases above 1/2, violating monotonicity. Utility parameters are 1.0 for the target and
competitor and 21.0 for the decoy. Similarity parameters are 0.7 between the target and
competitor, 0.7 between the target and decoy, and 0.2 between the competitor and decoy.
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reference dependent model of Ok et al. (2015), the consideration set is
determined by a reference option in each choice problem. Both models
are deterministic, and the underlying mechanisms of reference depen-
dence and attention filtering are modeled as all-or-nothing phenomena.
In contrast, in my stochastic choice model the decision maker pays equal
attention to all the options, and the notions of preference, similarity, and
information precision are gradual and continuous. One advantage of this
approach is that it can provide comparative statics on the intensity of
choice reversals based on changes to the attributes of each option. An-
other advantage is that the framework is directly applicable to discrete
choice estimation, as I show next.

VII. Empirical Application

I estimate the parameters of the Bayesian probit model using the frog mat-
ing choicedataofLea andRyan (2015) shown in table 1. Themodel accom-
modates all the qualitative features of the data, including the observed
choice frequency reversals (table 3). It also outperforms any random utility
modelwith respect togoodness of fit (table 4) andout-of-sampleprediction
(table 5).

A. Bayesian Probit Estimates

The Bayesian probit model over three options A, B, and C has seven pa-
rameters: three utility parameters mA, mB, and mC; three similarity parame-
ters jAB, jAC, and jBC; and one precision parameter p. To obtain identifica-
tion, I impose the following additional restrictions on theparameter space:

mA 1 mB 1 mC 5 0, (5)

jAC 1 jAB 1 jBC 5 1, (6)

jAB � jAC � jBC 5 0: (7)

Restriction (5) eliminates one utility parameter by assuming that the
average utility among the three options used in the experiment matches
the average utility in the population. Restrictions (6) and (7) together
eliminate two similarity parameters. Equation (6) restricts the average
similarity parameter to be 1=3. Equation (7) forces one of the similarity
parameters to be 0. The restrictions are symmetric, that is, invariant to
relabeling of the options. The online appendix shows that under (5)–
(7) the four estimated parameters are point-identified.
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Table 2 presents estimates of the Bayesian probit parameters by maxi-
mum likelihood, imposing the above restrictions (5)–(7). The estimated
utility parameters in table 2 represent the true preferences of a decision
maker who maximizes utility under imperfect information. Option B
has the highest value: mB 5 1:2809. This means that the Darwinian fitness
of male frog B is more than one standard deviation above the population
mean (better than 90 percent of the population). Option A comes in sec-
ond place, lying 0.1931 standard deviation below the population mean
(better than 42 percent of the population). Option C is the worst alterna-
tive, and its value is 1.0878 standard deviations below the populationmean
(better than 14 percent of the population). Given this rational benchmark,
we may interpret every choice trial in which an inferior option was chosen
in the data set as a choice mistake resulting from limited sampling.
The precision parameter p 5 0:0905 gives a measure of the informa-

tional limitation faced by the decision maker. The similarity parameters
provide a measure of how much similarity affects ease of comparison
for each pair of alternatives. Options A and C are the most similar,
with jAC 5 0:9516, followed by options A and B, with jAB 5 0:0484. The
pair B, C is the least similar with jBC 5 0. If we interpret the similarity pa-
rameter as a measure of “closeness,” then A and C are estimated to be the
“closest” pair of options, while B and C are the “farthest” from each other.
Table 3 shows the choice probabilities generated by the model using

the estimated parameter values. The Bayesian probit matches all the qual-
itative features in the data. In particular, it accommodates the revealed
preference relation, the revealed similarity relation, and the two choice
frequency reversals that are observed when option C is introduced as a
choice option and as a phantom option.

B. Comparison to Random Utility
and Rational Inattention

To compare the performance of my model to the random utility frame-
work, I estimate a five-parameter model of the entire RUM family, using

TABLE 2
Point Estimates for the Bayesian Probit Model Parameters

Parameter

p mA mB mC jAB jAC jBC

Estimate .0905 2.1931 1.2809 21.0878 .0484 .9516 .0000
Standard deviation .0652 .5239 .6001 .0999

Note.—Point estimates for utility mi, similarity jij, and precision p in the Bayesian probit
model imposing the restrictions in eqq. (5)–(7) and using the full data set of table 1.
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a characterization of RUM by Block and Marschak (1960) (see the
online appendix). The RUM family includes models with independent
shocks (such as logit and independent probit) and models in which
shocks are allowed to be correlated (such as nested logit and correlated
probit). The fit of the RUM specification in table 3 is, by definition, su-
perior to the fit of any of the special cases of the RUM family.
The first three rows of table 3 show that the random utility model ac-

commodates the choice patterns observed in the binary choice data. In
particular, the RUM family is able to accommodate the revealed prefer-
ence and the revealed similarity relations. Unlike the Bayesian probit
model, however, the RUM family is unable to accommodate the choice
frequency reversals in the data. First, RUM restricts the probability of
choosing A over B to be the same independently of the presence of the
phantom option =C . Thus, in the RUM model the first row and the last
row of table 3 have to be identical. Second, in the RUMmodel the prob-
ability of choosing A from {A, B} cannot increase when the choice option
C is introduced. Thus, the RUMmodel restricts the probability of choos-
ing A in the first row of table 3 to be at least as large as the probability of
choosing A in the fourth row of table 3.
Next, I compare the estimates of my model to estimates of the rational

inattention model pioneered by Sims (2003). Like the Bayesian probit
model, the rational inattention model assumes that the decision maker
has a prior over the value of the options, updates her beliefs on the basis
of the observation of noisy signals about the values, and chooses the op-
tion with the highest expected value given posterior beliefs. The crucial
difference from my model is that the decision maker is free to choose
an arbitrary distribution of noisy signals, subject to a utility cost of acquir-
ing and processing information. For example, it is feasible for the ratio-
nally inattentive decision maker to obtain the Gaussian signals of the
Bayesian probit model, but it is also feasible for the decision maker to
modify its similarity and precision parameters or to abandon theGaussian
distribution entirely.

TABLE 3
Relative Frequencies of Choice in the Original Data and Estimated Choice

Probabilities for the Bayesian Probit, the Random Utility Model,

and the Multinomial Logit Model

Choice Problem

Data BProbit RUM Logit

A B C A B C A B C A B C

{A, B } .37 .63 . . . .37 .63 . . . .48 .52 . . . .52 .48 . . .
{A, C } .84 . . . .16 .81 . . . .19 .83 . . . .17 .77 . . . .23
{B, C } . . . .69 .31 . . . .69 .31 . . . .69 .31 . . . .75 .25
{A, B, C } .55 .28 .17 .59 .30 .11 .48 .35 .17 .45 .41 .14
{A, B, =C } .61 .39 . . . .63 .37 . . . .48 .52 . . . .52 .48 . . .
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I fit the rational inattention model to the frog mating choice data set
under two assumptions: (i) the decision maker’s prior is exchangeable,
that is, invariant to permutations of the options; and (ii) the utility cost
of processing information is proportional to the mutual information
measure of Shannon (1948). Under assumptions i and ii, Matejka and
McKay (2015) showed that the optimal information acquisition strategy
for the rationally inattentive decision maker generates choice probabil-
ities that follow the multinomial logit model.11

The last column of table 3 (logit) shows the estimated choice proba-
bilities for the rational inattention model under assumptions i and ii.
As in the random utility model, this rational inattention specification
fails to account for the two choice frequency reversals observed in the
data. In addition, it fails to capture the revealed preference and the re-
vealed similarity relations observed in the binary choice data.
The superiority of the fit of the Bayesian probit model is confirmed by

the Akaike information criterion (AIC) shown in table 4. The AIC offers
an estimate of the information loss when a given model is used to repre-
sent the data (Akaike 1974). The AIC is given by 2k 2 2 lnðLÞ, where k is
the number of free parameters and L is the maximum value of the likeli-
hood function for the model. It rewards goodness of fit, measured by the
likelihood function, and includes a penalty that increases in the number
of parameters to discourage overfitting. Table 4 shows that the Bayesian
probit has the lowest value of AIC. The AIC for the Bayesian probit is cal-
culated with a penalty for k 5 4 parameters. Relaxing the constraints im-
posed by equations (5)–(7) can only improve the fit, whichmeans that the
worst possible AIC obtained by a more general version of the Bayesian
probit is bounded above by 546.53. Hence, the constraints imposed by
equations (5)–(7) do not affect model selection.

TABLE 4
Model Fit

Model k Log-Like AIC

BProbit 4 2266.27 540.53
RUM 5 2271.04 552.09
Logit 2 2275.75 555.49
Probit 4 2274.32 556.65

Note.—The Bayesian probit provides the best fit according to the AIC.
Lower values of AIC are better; k denotes the number of free parameters
in each model.

11 Determining the empirical content of the rational inattention model with non-
exchangeable priors and other information cost functions is an active area of research.
See, e.g., Caplin and Dean (2013, 2015), Matejka and McKay (2015), de Oliveira et al.
(2017), Fosgerau, Melo, and Shum (2017), andHêbert andWoodford (2017) for recent ad-
vances in this area.
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C. Out-of-Sample Prediction

Next, I present five out-of-sample prediction exercises using the pub-
lished data of Lea and Ryan (2015). In each prediction exercise, I esti-
mate the model excluding the choice trials for a particular choice prob-
lem and compare the predicted choice probabilities to the sampled
probabilities in that choice problem. I perform this exercise separately
for the five choice problems in the experiment.
Table 5 compares the out-of-sample predictions of mymodel (Bprobit)

with the general random utility model (RUM), the multinominal logit
model (logit), and the multinomial probit model allowing for correlated
shocks (probit). As I explained in Section VII.B, the logit specification is
equivalent to the rational inattention model with an exchangeable prior
and information costs based on Shannon entropy. The first column of ta-
ble 5 compares the prediction of eachmodel for choice problem {A, B} to
the actual data. Each model is estimated excluding all choice trials for
choice problem {A, B} from the sample. The second column in table 5 per-
forms the same exercise for choice problem {A, C }, and so on. An asterisk
(*) in the entry means that a model does not have enough empirical bite
to predict a single choice probability.
The Bayesian probit performs better than the other models in every ex-

ercise, except in choice problem {A, B}. Note that excluding the choice
problem {A, B} from the sample eliminates any evidence of choice rever-
sals and context effects. In the data, option A is chosen more often than
B in every choice problem except {A, B}. Using the restricted data set, ev-
ery model including the Bayesian probit estimates that option A has a
higher utility than B (see the online appendix) and predicts that A is cho-
sen more often than B in {A, B}.

TABLE 5
Out-of-Sample Prediction

Choice Problem

(1) (2) (3) (4) (5)

A B A C B C A B C A B =C

Data .37 .63 .84 .16 .69 .31 .55 .28 .17 .61 .39 . . .
BProbit .81 .19 .71 .29 .73 .27 .58 .35 .07 .65 .35 . . .
Logit .64 .36 .69 .31 .81 .19 .44 .43 .13 .49 .51 . . .
Probit .64 .36 .57 .43 .83 .17 * * * .46 .54 . . .
RUM .61 .39 * * * * * * * .42 .58 . . .

Note.—Choice frequencies in the original data vs. choice frequencies predicted by each
model in five pseudo out-of-sample exercises. Each exercise excludes all the choice trials
for one choice problem from the estimation. An asterisk (*) indicates that the model does
not have enough empirical bite to predict a single value. The online appendix contains
estimation details.
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The Bayesian probit model allows (but does not require) the choice re-
versal to happen. For the sake of illustrating this point, I provide the local
maximum for the likelihood function in the region mB > mA. The lo-
cal maximum is obtained at p 5 0:0985, mA 5 20:1268, mB 5 1:1923,
mC 5 21:0654, jAB 5 0:0579, jAC 5 0:9421, and jBC 5 0 achieving a log
likelihood of 2188.33. The predicted choice probabilities for {A, B} are
.38 and .62 for A and B, respectively. While this estimate makes a predic-
tion very close to the actual observed frequencies in {A,B}, it is not as likely
to have generated the restricted data set in which {A, B} is excluded (the
ratio of likelihoods is e2188:331187:74 5 0:55).

VIII. Possible Extensions

I conclude the paper by discussing two possible extensions of the frame-
work.

A. Taste Heterogeneity

In the empirical application in Section VII, I fit a single utility function to
the aggregate choices of hundreds of female frogs.Hence, I explained the
data as arising from the maximization of a single preference over the op-
tions. In my explanation of the data, every female frog would “agree” (if
given sufficient information about the options) that option B has the
highest Darwinian fitness, option A is in the middle, and option C is the
least desirable. This explanation lines up with previous studies in biology:
there seems to be no evidence of taste heterogeneity in mating among
frogs (Lea and Ryan 2015). Taste heterogeneity alone is not sufficient
to explain the data (as I showed in Sec. II), and it is also not necessary
(as table 3 demonstrates).
With human subjects, however, allowing for taste heterogeneity is natu-

ral. Analyzing aggregated choices of different individuals may require
specifying themodel conditional on a vector of individual characteristics,
or enriching the model with an additional error term to account for het-
erogeneous tastes, in addition to perceptual errors. But if multiple choice
trials are observed for each individual subject, accounting for heteroge-
neous tastes can be accomplished simply by fitting themodel individually
for each subject. This allows different subjects to exhibit different tastes,
different levels of risk aversion, and so forth.
Fitting the model to multiple choices by the same subject, however, re-

quires an identifying assumption that signals and posterior beliefs are in-
dependent across choice trials. This may be a reasonable assumption in
many settings. Take, for example, the experimental work of Soltani et al.
(2012) involving lotteries over money shown to subjects on a computer.
In these experiments subjects had only a few seconds to contemplate the
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options beforemaking a choice (4 seconds in choice trials with two options
and 8 seconds in choice trials with three options). Each subject participated
in multiple sessions and made hundreds of choices. To avoid repeating
choice problems, the position of the options on the screen was random-
ized, and the prizes and probabilities of the options were slightly perturbed
in each trial. To fit the model to such individual data, the analyst assumes
that, even if the exact same lottery appears on the screen in two different
choice trials for the same subject, it is treated by the subject as an indepen-
dent draw from the prior distribution of utility.

B. Endogenous Precision: Choosing When
to Stop Sampling

A second possible extension of this framework is to neuroeconomic ap-
plications in which the analyst observes, in addition to choices, the time
that it took subjects to reach a decision (see, e.g., Krajbich, Armel, and
Rangel 2010). In this case, one may be interested in explaining and pre-
dicting the joint distribution of observed choices and time.
An extension of the estimation framework that could be useful in such

applications formulates the signals observed by the decision maker as a
continuous stochastic process X : Q � ½0,∞Þ→Rn, where Q is the under-
lying probability space. The signal process starts from X ð0Þ 5 0 almost
surely and follows a Brownian motion with drift given by

dX tð Þ 5 m dt 1 L dW tð Þ, (8)

where the constant drift vector m 5 ðm1, ::: , mnÞ represents the true utility
of the options, L is a constant n � n matrix with full rank, and W ðtÞ 5
ðW1ðtÞ, ::: ,WnðtÞÞ is a Wiener process.12 A decision maker who observes
this continuous process up to time T has the same information as a de-
cision maker who observes a single realization of the signals in the static
formulation with precision p 5 T .13

Suppose that the time spent contemplating the options before reach-
ing a decision is chosen endogenously by the decision maker, who solves

12 Drift-diffusion models like (8) are used in neuroscience to represent the noisy process
by which the human brain perceives the value of choice options over time. These models
typically focus on binary choice and assume uncorrelated signals (Ratcliff 1978; Busemeyer
and Townsend 1993; Woodford 2014). Fehr and Rangel (2011) provide an overview of this
literature.

13 The continuous learning process formulation provides a justification for the assump-
tion that the decision maker knows the value of the correlation parameters jij. Since the
continuous random process accumulates quadratic variation, the decision maker can per-
fectly estimate the parameters jij after an arbitrarily small time interval (Shreve 2004).
Hence, the value of the similarity parameters j is instantly learned, while the value of
the utility parameters m is learned gradually over time.

448 journal of political economy



an optimal stopping problem with costly information acquisition. The
framework in this paper corresponds to a special family of contempla-
tion cost functions, where cost is constant and equal to zero up to a fixed
level of precision t 5 p, jumping to plus infinity afterward. An alterna-
tive specification with the same number of free parameters may impose
a linear fixed cost c > 0 per unit of time, obtaining the distribution of
stopping times endogenously. For an example of extending the frame-
work in this direction, the paper by Fudenberg, Strack, and Strzalecki
(2018) studies the optimal stopping problem in the special case of binary
choice and independent signal distributions.

Appendix

Proofs

Proof of Lemma 1

In the binary choice problem {i, j } with no phantom options the decision maker
observes two signals (Xi, Xj). The vector of posterior mean beliefs (mi, mj) for op-
tions i, j has a joint Gaussian distribution. The difference mj 2 mi is therefore
Gaussian. The mean and variance of mj 2 mi are given, respectively, by

tðmj 2 miÞ
t 1 1 2 jij

,
2tð1 2 jijÞ

ðt 1 1 2 jijÞ2
� 	

,

and therefore, we have

Pm,j,pði, fi, jgÞ 5 Pfmj 2 mi < 0g

5 P
mj 2 mi 2 E½mj 2 mi �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Var½mj 2 mi �
p < 2

E½mj 2 mi �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½mj 2 mi �

p
( )

5 F

ffiffi
t

p ðmi 2 mjÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 2 jijÞ

p
 !

5 PfXj 2 Xi < 0g
5 €Pm,j,pði, fi, jgÞ,

which proves part i.
To prove part ii, suppose jij 5 c1 is constant for all i, j. Fix a choice problem

(N, M) and enumerate its options N [ M 5 f1, ::: , ng. Posterior beliefs are

ðm1, ::: ,mnÞ 5 E½mjX � 5 I 1 p21Σn

� �21ðX1, ::: , XnÞ:
By assumption the diagonal entries in Σn are all equal to one, while the off-
diagonal elements are all equal to c1. This implies that the matrix ½I 1 p21Σn�21

is symmetric with all diagonal entries equal to a constant c2 and all off-diagonal
entries equal to a constant c3. Thus mi 5 c2Xi 1 c3ok≠iXk for all i, and for any pos-
sible signal realization we have mi > mj if and only if Xi > Xj .
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To prove part iii, fix again the set of options in a choice problem N [ M 5
f1, ::: , ng and let mðpÞ 5 ðm1ðpÞ, ::: ,mnðpÞÞ be the corresponding vector of pos-
terior mean beliefs, making explicit the dependence on precision p. Using the
matrix identity ðI 1 AÞ21 5 I 2 ðI 1 AÞ21A, we obtainffiffiffi

p
p

m 2 E½ ffiffiffi
p

p
mðpÞ� 5 1ffiffiffi

p
p ½I 1 p21Σ�21Σm:

Taking the limit we obtain limp →∞jE½ ffiffiffipp
mðpÞ� 2 ffiffiffi

p
p

mj 5 0. Moreover,

lim
p→∞

Var½ ffiffiffi
p

p
mðpÞ� 5 lim

p→∞
½I 1 p21Σ�21Σ½I 1 p21Σ�21 5 Σ:

Hence, the mean and covariance matrix of the Gaussian vector
ffiffiffi
p

p
mðpÞ remain

arbitrarily close to the mean and covariance matrix of
ffiffiffi
p

p
X ðpÞ, respectively, for p

sufficiently large. Since for all p > 0 we have

Pm,j,pði, f1, ::: , ngÞ 5 P \j≠i miðpÞ > mjðpÞ
� �
 �

5 P \j≠i

ffiffiffi
p

p
miðpÞ >

ffiffiffi
p

p
mjðpÞ

� �
 �
,

€P m,j,pði, f1, ::: , ngÞ 5 P \j≠i XiðpÞ > XjðpÞ
� �
 �

5 P \j≠i

ffiffiffi
p

p
XiðpÞ >

ffiffiffi
p

p
XjðpÞ

� �
 �
,

part iii follows by continuity. QED

Proof of Proposition 1

Suppose mi are independently and identically distributed Nðm, s2Þ according to
the decision maker’s prior. Fix a menu of alternatives labeled {1, . . ., n}. Applying
Bayes’s rule (see, e.g., DeGroot 1970), the posterior is Gaussian with mean vector

ðm, ::: ,mÞ 1 s21½s21I 1 p21Σ�21½X 2 ðm, ::: ,mÞ�:
Choice probabilities remain the same if we subtract the constant m from each
coordinate and rescale the vector by

ffiffi
s

p
, obtaining

s21½s21I 1 p21Σ�21 ffiffi
s

p ½X 2 ðm, ::: ,mÞ�:
Conditional on m (from the point of view of the analyst), this vector is equal to

½ss21I 1 sp21Σ�21f ffiffi
s

p ½m 2 ðm, ::: ,mÞ� 1 ffiffi
s

p
εg,

which is the posterior mean vector when the prior is Nð0, 1Þ, utility is ~m 5ffiffi
s

p ½m 2 ðm, ::: ,mÞ�, the correlation matrix is ~Σ 5 Σ, and precision is ~p 5 p=s.
QED

Proof of Proposition 2

The binary choice formula (4) implies that Pm,j,pði, fi, jgÞ > :5 if and only if
F21ðPm,j,pði, fi, jgÞÞ > F21ð:5Þ 5 0 if and only if mi 2 mj > 0, proving part i.

Suppose that the pair {i, j } is revealed more similar than {k, ℓ }. Then {i, j } is eas-
ier to compare than {k, ℓ }, and relabeling the options in each pair if necessary,
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k ≽ i ≻ j ≽ ‘. By part i above, we have mk ≥ mi > mj ≥ m‘, which implies mk 2
m‘ ≥ mi 2 mj > 0. Since {i, j } is easier to compare than {k, ℓ }, the binary choice for-
mula (4) implies

mi 2 mjffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 jij

p >
mk 2 m‘ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 jkl

p ≥
mi 2 mjffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 jkl

p ,

which in turn implies jij > jk‘, proving part ii. QED

Proof of Proposition 3

Lemma 1, part i, shows that the restriction of Pm,j,p to binary choices is observa-
tionally equivalent to a multinomial probit, which satisfies MT (see Halff 1976).

In every choice problem that appears in the statement of MT-P, the union of
the set of choice options and the set of phantom options is equal toM [ fi, j , kg.
This implies that the set of signals is the same and posterior beliefs have the same
Gaussian distribution. Binary choices are again observationally equivalent to a
multinomial probit, and MT-P then follows from MT.

It remains to show that BM-P holds. Block and Marschak (1960) showed that
the stochastic choice function of any random utility model over a finite collec-
tion of choice objects N 0 5 f1, ::: , ng satisfies a set of inequalities,

ð8 i ∈ N ⊆N 0Þ o
M :N ⊆M ⊆N 0

21ð Þ MnNj jPði,M Þ ≥ 0: (BM)

The statement of BM-P involves only choice problems of the form ðM ,N 0nM Þ.
Across all such choice problems, the set of signals observed by the decision maker
is equal to ðXiÞi∈N 0 . This implies that posterior beliefs have the same distribution
across all such choice problems. Hence, across these choice problems, the Bayes-
ian probit is equivalent to a random utility model, in which posterior beliefs play
the role of random utilities. Then BM-P follows from BM above. QED

Proof of Proposition 4

Lemma 2. The limit of €P m,j,pð1, f1, 2, 3gÞ when p → 0 is equal to

1

4
1

1

2p
arctan

1 1 j23 2 j12 2 j13ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð1 2 j12Þð1 2 j13Þ 2 1 1 j23 2 j12 2 j13ð Þ2

q
0
B@

1
CA:

Proof. Let X 5 ðX1, X2, X3Þ0 be the vector of Gaussian signals with mean m and
covariance matrix p21Σ and let L be the 2 � 3 matrix given by

L 5
21 1 0

21 0 1

" #
(A1)

so that

€P m,j,pð1, f1, 2, 3gÞ 5 PfLX ≤ 0g 5 Pf ffiffiffi
p

p
Lε ≤ 2

ffiffiffi
p

p
Lmg:
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Let L be the unique 2 � 2 Cholesky decomposition matrix such that LL0 5 LΣL0.
If Z 5 ðZ1, Z 2Þ is a standard Gaussian vector, then LZ and

ffiffiffi
p

p
Lε have the same

Gaussian distribution. This implies

lim
p → 0

 €Pm,j,pð1, f1, 2, 3gÞ

5 P Z1 ≤ 0 and Z2 ≤ 2Z1

1 1 j23 2 j12 2 j13ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð1 2 j12Þð1 2 j13Þ 2 1 1 j23 2 j12 2 j13ð Þ2

q
8><
>:

9>=
>;,

which is the probability that (Z 1, Z 2) lies in a cone in R2. The result then follows
from the circular symmetry of the standard Gaussian distribution. QED

Since by assumption m1 5 m2 5 m3, we have

€Pm,j,pði, f1, 2, 3gÞ 5 P XiðpÞ ≥ XjðpÞ for all j
� �

5 P
ffiffiffi
p

p
XiðpÞ 2 mi½ � ≥ ffiffiffi

p
p

XjðpÞ 2 mj

� �
 for all j

� �
:

For every p > 0, the vector
ffiffiffi
p

p ½X ðpÞ 2 m� is jointly Gaussian with mean vector zero
and covariance matrix Σ. Hence, for all p, p 0 > 0,

€P m,j,pði, f1, 2, 3gÞ 5 €P m,j,p 0 ði, f1, 2, 3gÞ 5 €P m,j,0ði, f1, 2, 3gÞ,
where

€P m,j,0ði, f1, 2, 3gÞ 5 limp→ 0
€P m,j,pði, f1, 2, 3gÞ:

By the assumption j23 > j13 and lemma 2, we obtain, for all p > 0,

€Pm,j,pð1, f1, 2, 3gÞ 2 €Pm,j,pð2, f1, 2, 3gÞ
5 €Pm,j,0ð1, f1, 2, 3gÞ 2 €Pm,j,0ð2, f1, 2, 3gÞ > 0:

Finally, lemma 1, part iii, implies Pm,j,pð1, f1, 2, 3gÞ > Pm,j,pð2, f1, 2, 3gÞ for all p suf-
ficiently large. QED

Proof of Proposition 5

Lemma 3. The limit of Pm,j,pð1, f1, 2, 3gÞ as p → 0 is equal to

1

4
1

1

2p
arctan

1 1 j12ð Þ 1 1 j13ð Þ 2 j23 1 1 j12 1 j13 1 j23ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1 2j12 1 2j13 1 2j23ð Þ 1 1 2j12j13j23 2 j2

12 2 j2
13 2 j2

23ð Þ
p

 !
:

Proof. Let X 5 ðX1, X2, X3Þ0 be the vector of Gaussian signals with mean m and
covariance matrix p21Σ. Let mðpÞ 5 ½I 1 p21Σ�21X be the vector of posterior be-
liefs for a given p > 0 and let L be the 2� 3 matrix given by equation (A1) so that
Pm,j,pð1, f1, 2, 3gÞ 5 PfLmðpÞ ≤ 0g. Let Z 5 ðZ1, Z 2Þ be a standard Gaussian vec-
tor, and let L(p) be the unique 2 � 2 Cholesky decomposition matrix such that
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LðpÞL pð Þ0 5 L½I 1 p21Σ�21p21Σ½I 1 p21Σ�21L0:

Then Lm(p) and L½I 1 p21Σ�21
m 1 LðpÞZ have the same Gaussian distribution

for every p > 0. This implies that the limit of Pm,j,pð1, f1, 2, 3gÞ when p → 0 is
equal to

P Z1 ≤ 0 and Z 2 ≤ 2Z1

1 1 j12ð Þ 1 1 j13ð Þ 2 j23 1 1 j12 1 j13 1 j23ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1 2j12 1 2j13 1 2j23ð Þ 1 1 2j12j13j23 2 j2

12 2 j2
13 2 j2

23ð Þ
p

( )
,

which is the probability that (Z1, Z2) lies in a cone in R2. The result then follows
from the circular symmetry of the standard Gaussian distribution. QED

Suppose j12 > 21=2 and j23 > j13. Lemma 3 above provides the probability
that option 1 is chosen from {1, 2, 3} in the limit as p → 0. The choice probability
for option 2 is obtained by relabeling the options in lemma 3. Since the arctan
function is strictly increasing, the probability of option 1 is strictly smaller than
the probability of option 2 in the limit as p → 0 if and only if

j23 2 j13ð Þ 2 1 2j12 1 j13 1 j23ð Þ > 0:

The first term in parentheses must be strictly positive, since j23 > j13. The second
term in parentheses is also strictly positive; it follows from ð1 1 2j12j13j23 2 j2

12 2
j2
13 2 j2

23Þ 5 det Σ > 0 and j12 > 21=2. Therefore, we have

lim
p → 0

Pm,j,pð1, f1, 2, 3gÞ
Pm,j,pð2, f1, 2, 3gÞ < 1:

On the other hand, lemma 1, part i, implies that the ratio Pm,j,pð1, f1, 2gÞ=
Pm,j,pð2, f1, 2gÞ goes to one as p shrinks to zero. Thus, for all sufficiently small val-
ues of p > 0, introducing option 3 hurts option 1 proportionally more than op-
tion 2. QED

Proof of Proposition 6

The determinant of the covariance matrix of signals corresponding to the menu
of options {1, 2, 3} is strictly positive if and only if 1 1 2j12j13j23 2 j2

12 2 j2
13 2

j2
23 > 0. Thus, for any fixed values of j12 and j13, the value of j23 is bounded above:

j23 < j12j13 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2 j2

12ð Þ 1 2 j2
13ð Þ

q
:

For any fixed j12, option 3 will satisfy j23 > j12 and j23 > j13 if and only if the up-
per bound for j23 is strictly larger than j12 and j13. Hence, for any fixed value of
j12, the correlation j13 must be in the following range:

j13 ∈
21,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2 1 j12=2

p� 
if  j12 ≤ 0

2j2
12 2 1,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2 1 j12=2

p� 
if  j12 > 0:

8><
>:

It can be shown that, for every fixed pair (j12, j13) with 21 < j12 < 1 and j13 in
the range above, in the limit as j23 increases toward its upper bound,
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1 1 j12ð Þ 1 1 j13ð Þ 2 j23 1 1 j12 1 j13 1 j23ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1 2j12 1 2j13 1 2j23ð Þ 1 1 2j12j13j23 2 j2

12 2 j2
13 2 j2

23ð Þ
p →2∞:

This holds because the numerator goes to a strictly negative value, while the
strictly positive denominator goes to zero. The result follows from lemma 3. QED

Proof of Proposition 7

Option 2 is chosen from {1, 2, 3} when both coordinates of (m1ðpÞ 2 m 2ðpÞ,
m 3ðpÞ 2 m 2ðpÞ) are negative. The mean of the first coordinate is given by

E m1 pð Þ 2 m2 pð Þ½ � 5 pfm3 1 1 p 1 j12ð Þ j23 2 j13ð Þ
1 m2 2ð1 1 pÞð1 1 p 1 j12Þ 1 j23j13 1 j2

13½ �
1 m1½1 1 j12 1 p 2 1 p 1 j12ð Þ 2 j23 j23 1 j13ð Þ�g=
1 1 pð Þ 1 1 p 2 1 pð Þ 2 j2

12 2 j2
23 2 j2

13½ � 1 2j12j23j13

� �
,

and the mean of the second coordinate is given by

E m3 pð Þ 2 m2 pð Þ½ � 5 p m1 1 1 p 1 j23ð Þ j12 2 j13ð Þf
1 m2 2ð1 1 pÞð1 1 p 1 j23Þ 1 j12j13 1 j2

13½ �
1 m3½1 1 j23 1 p 2 1 p 1 j23ð Þ 2 j12 j12 1 j13ð Þ�g=
1 1 pð Þ 1 1 p 2 1 pð Þ 2 j2

12 2 j2
13 2 j2

23½ � 1 2j12j23j13

� �
:

The denominator is equal in both expressions and can be written as

p p 3 1 pð Þ 1 3 2 j2
12 2 j2

13 2 j2
23½ � 1 1 1 2j12j23j13 2 j2

12 2 j2
13 2 j2

23½ �,
which is strictly positive for all p > 0, since j2

ij < 1 and det Σ > 0.
In both numerators above, the expression multiplying the coefficient m3 is

strictly positive. In the first case, 1 1 p 1 j12 > 0 is always strictly positive and
j23 > j13 by assumption. In the second case, the expression multiplying m3 can
be written as

1 2 j2
12½ � 1 p 2 1 j23 1 pð Þ½ � 1 j23 2 j12j13½ �,

where each expression in brackets is clearly positive. Therefore, for any fixed p >
0, the expectations E½m1ðtÞ 2 m 2ðtÞ� and E½m 3ðtÞ 2 m 2ðtÞ� can be made arbitrarily
negative by taking m3 < 0 and sufficiently large in absolute value.

Since by assumption m1 5 m2, both Pm,j,pð1, f1, 2, 3gÞ and Pm,j,pð2, f1, 2, 3gÞ con-
verge to 1=2 when p goes to infinity. The covariance matrix

Var½mðpÞ� 5 ½I 1 p21Σ�21p21Σ½I 1 p21Σ�21

does not depend onm. Hence, increasing the absolute value of thenegative param-
eter m3 does not changeVar½mðpÞ� for any p, while decreasing E½m1ðpÞ 2 m2ðpÞ� and
E½m 3ðpÞ 2 m 2ðpÞ� for every p > 0, and therefore increases Pm,j,pð2, f1, 2, 3gÞ for ev-
ery p > 0. Moreover, for any given fixed p > 0, Pm,j,pð2, f1, 2, 3gÞ can be made arbi-
trarily close to 1 by taking m3 sufficiently negative. This guarantees that we can have
a violation of monotonicity for any arbitrarily low level of precision p > 0. More-
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over, since E½m1ðpÞ 2 m 2ðpÞ� converges to 0 from below as p goes to infinity,
Pm,j,pð2, f1, 2, 3gÞ will converge to 1=2 from above, while Pm,j,pð1, f1, 2, 3gÞ will con-
verge to 1=2 from below. QED

Proof of Proposition 8

As in the proof of proposition 5, I use lemma 3 to show that Pm,j,0ð2, f1, 2, 3gÞ >
Pm,j,0ð1, f1, 2, 3gÞ if and only if ðj23 2 j13Þð2 1 2j12 1 j13 1 j23Þ > 0. Likewise,
Pm,j,0ð2, f1, 2, 3gÞ > Pm,j,0ð3, f1, 2, 3gÞ if and only if ðj12 2 j13Þð2 1 2j23 1 j12 1
j13Þ > 0. Since by assumption j12 5 j23 > j13, we have both j23 2 j13 > 0 and
j12 2 j13 > 0. The assumption j12 5 j23 > j13 and the strictly positive determi-
nant of Σ together imply ð2 1 2j12 1 j13 1 j23Þ > 0 and ð2 1 2j23 1 j12 1
j13Þ > 0. By continuity, we have Pm,j,pð1, f1, 2, 3gÞ < Pm,j,pð2, f1, 2, 3gÞ and
Pm,j,pð3, f1, 2, 3gÞ < Pm,j,pð2, f1, 2, 3gÞ for all p > 0 sufficiently small. QED
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